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The instability wave noise generation model is used to study the instability waves in the
two shear layers of an inverted velocity profile, supersonic, coaxial jet and the noise radiated
from the dominant wave. The inverted velocity profile jet has a high speed outer stream
surrounding a low speed inner stream and the outer shear layer is always larger than the
inner shear layer. The jet mean flows are calculated numerically. The operating conditions
are chosen to exemplify the effect of the coaxial jet outer shear layer initial spreading rates.
Calculations are made for the stability characteristics in the coaxial jet shear layers and
the noise radiated from the instability waves for different operating conditions with the
same total thrust, mass flow and exit area as a single reference jet. Results for inverted
velocity profile jets indicate that relative maximum instability wave amplitudes and far field
peak noise levels can be reduced from that of the reference jet by having higher spreading
rates for the outer shear layer, low velocity ratios, and outer streams hotter than the inner
stream.
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1. INTRODUCTION

A method to modify the generation of mixing noise in supersonic axisymmetric jets is to
replace the single stream jet by a dual stream, coaxial jet. These jets are classified as having
a normal velocity profile (NVP) if the inner stream velocity is higher than the outer stream
velocity at the nozzle exit. If the initial inner stream velocity is less than the initial outer
stream velocity, the coaxial jet is classified as having an inverted velocity profile (IVP). In
addition, the two jet streams may have different initial temperatures. This paper
concentrations on IVP supersonic jets. NVP supersonic jets are discussed in a previous
paper (Part 2 [1]).

In this paper the results are described from an analysis of the effects of different jet
operating conditions on the ability of the jet to generate mixing noise. The analysis is based
on recent theories for supersonic jet noise that use the concepts of linear instability wave
theory to predict radiated noise. These theories have established that instability waves are
the dominant source of mixing noise radiating into the downstream arc of a supersonic
jet. Previously applied to single stream supersonic jets with a single shear layer, the analysis
is now applied to a dual stream supersonic jet with two initial shear layers that eventually
merge into a single shear layer downstream. A known mean flow is required to complete
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the analysis and Part 1 of this paper [2] described a numerical scheme to calculate the mean
flow properties for any set of IVP coaxial jet operating conditions.

1.1.    

Early studies of by-pass jet engines showed that they had reduced noise levels compared
to a turbojet engine at the same mass flow. In addition to the lower velocities in a by-pass
engine, measured noise reductions were shown to be due to the decrease in the mean shear
of the combined flow [3]. This apparent noise reduction benefit of two stream coaxial jets
operating in subsonic conditions was convincing enough to cause researchers to look for
similar benefits under supersonic conditions. Dosanjh and his colleagues conducted an
extensive experimental study of supersonic coaxial jets that focused on IVP operating
conditions as a means of reducing shock noise. Using small scale nozzles, they optically
observed, measured and documented the existence of a minimum noise operating condition
for shock containing IVP coaxial jets [4–6]. It initially appeared that the overall noise
reduction was primarily due to a decrease in shock associated noise. However, in further
studies on a larger scale coaxial jet nozzle, noise reductions were measured at all
frequencies and at all angles [7–9]. This meant that not only was shock noise—which
dominates in the upstream direction—reduced but also that mixing noise—which
dominates in the downstream direction—was reduced. It was also found that directivity
patterns could be changed by the choice of pressure and temperature operating conditions.

Tanna et al. [10] conducted measurements of shock-free coaxial jets with inverted
velocity profiles to study the effects of profile shaping in jet mixing noise. In addition, care
was taken in choosing initial velocity and temperature conditions along with the exit area
in order to compare results on a constant thrust, mass flow and exit area basis to a fully
mixed equivalent single jet or reference jet. They found that high frequency noise increased
at all angles and that low frequency noise decreased at angles closer to the jet exit axis.
These changes were relative to the reference jet and they became larger as the velocity ratio
increased above 1. Far field spectra remained largely unaffected by higher temperature
ratios for a coaxial jet with both velocities the same. Since the far field spectra were peaking
at the lower frequencies, the overall sound pressure levels were quieter for U2/U1 q 1 at
smaller angles and noisier at 90 degrees. The higher frequency noise was generated
primarily from the outer shear layer before the streams merged. As U2/U1 increased, the
outer shear layer had a larger velocity difference to ambient, resulting in higher eddy
convection velocities, higher source velocities and more noise. Conversely, the lower
frequency noise was generated downstream of merging where the velocities were lower,
resulting in less noise. It has also been concluded that the rapid decay of the maximum
mean velocity in inverted velocity profile jets is a prominent reason for noise reduction
in IVP jets compared to the reference jet [11].

The experimental work on coaxial jets was continued into the supersonic regime using
converging nozzles that were operated above critical pressure ratios, resulting in
underexpanded, shock-containing jet flows [12]. A minimum noise condition, based on
overall sound pressure level measurements at upstream angles where shock associated
noise dominates, was found for a fixed outer nozzle pressure ratio above critical. This
occurred when the inner nozzle pressure ratio was slightly above critical, at about 1·9. With
the shock associated noise virtually eliminated, measurements were made of the remaining
mixing noise at downstream angles to the jet axis. Test conditions of constant thrust, mass
flow and exit area, along with the added condition that the inner stream be slightly
supersonic to achieve minimum noise due to shocks, were used to set the coaxial jet initial
velocities and temperatures. As was found for shock-free coaxial jets, inverted velocity
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profile jets were quieter than the reference jet based on overall sound pressure level
measurements at 30 degrees to the jet axis.

1.2.     

In supersonic jets, instability waves have been established as a dominant source of
mixing noise. These waves, generated by the instability of the jet shear layer, radiate noise
when they have phase velocities that are supersonic relative to ambient conditions.
Initially, both shear layers will support growing instability waves. As the shear layers grow
and merge together, the growth rates and phase velocities of these instability waves will
be modified by this process.

Measurements have been made of the large scale structures or instability waves in
subsonic IVP coaxial jets [13, 14]. Using cross-spectral techniques, the phase relationship
between fluctuating quantities was measured. The phase relationship in the outer shear
layer suggested that convecting large scale structures existed there that were similar to
those that exist in single jets. In the inner shear layer, similar phase relationships existed,
except with the opposite sign of rotation for the large structures. The outer shear layer
vortex sheet rolled up in an outward sense of rotation and the large scale structures joined
into larger ones downstream. These outer shear layer structures were convected
downstream into the merging and fully developed regions and were not significantly
affected by changes in the mean velocity ratio. Conversely, the inner shear layer structures
were affected by changing the velocity ratio. As the velocity ratio increased, the growth
of the inner shear layer structures were enhanced. Nonetheless, in the spectral
measurements, the lower frequency, outer shear layer peak was typically dominant and
the inner shear layer peak disappeared as the IVP coaxial jet merged and became fully
developed downstream. Similar conclusions were found from a flow visualization study of
low speed, incompressible, coaxial jets, that revealed the large scale structures in the two
shear layers as the velocity ratio varied between 1 and 2·59 [15].

Following the approach used for single jets with a single shear layer, the local stability
characteristics can be calculated in the same manner for the two shear layers in a coaxial
jet. Bhat and Seiner [16] made such calculations for an IVP supersonic coaxial jet using
a mean flow that was described analytically; however, due to a lack of measured data on
the merging of the two streams, the mean flow description only applied in the core region.
For the IVP jet with a velocity ratio of 1·91, the outer shear layer stability characteristics
were found to be similar to the equivalent single jet stability characteristics. These results
were in agreement with the trends observed from the measured low speed coaxial jet data
discussed above. Since the mean flow was not known beyond the end of the potential core
region, the complete growth and decay of the instability waves could not be obtained.

1.3.  

When the supersonic jet is perfectly expanded, the instability waves generated noise that
has a radiation pattern with a dominant peak in the downstream arc of the jet. In Part
2 of this paper [1], we developed a prediction scheme that could analyze the mixing noise,
where it dominates, from supersonic coaxial jets. Assuming the jet to be perfectly expanded
simplified the analysis and allowed the study to concentrate on exit velocity profile shaping
as a means further to reduce the mixing noise.

The analysis to predict the noise radiated to the far field is based on the determination
of the axial growth and decay of the instability wave in the jet shear layer. In order to
complete the analysis, the mean flow properties are needed. In Part 1 of this paper [2],
we describe the numerical prediction method for the mean flow development. This provides
an efficient method to obtain the mean flow for various operating conditions. An outline
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of the analysis to calculate the evolution of instability waves and their radiated noise was
presented in Part 2 of this paper [1]. Here, in this part of the paper, we give for reference
the equations used directly to calculate the instability wave characteristics and the radiated
noise.

A parametric study of supersonic IVP coaxial jets has been conducted using our
analytical and numerical analysis. We chose a reference single stream jet with operating
conditions that would be typical for a supersonic transport aircraft engine exhaust. From
these conditions, we defined the operating conditions for supersonic IVP jets that have the
same total thrust, total mass flow and total exit area as the reference jet. The choice of
these operating conditions was based on an analysis of the initial spreading rate of the
outer shear layer. The velocity ratio, the density ratio and the area ratio were each varied
separately to determine the resulting effect on the maximum amplitudes of the growing
instability waves and the relative levels and directivities of the far field radiated noise. A
final set of calculations was performed to show the combined effects of changing all three
parameters.

2. INSTABILITY WAVES AND RADIATED NOISE

Thin free shear layers that contain an inflection point in the mean velocity profile are
inherently unstable even in the absence of viscosity. Initially, an instability wave in the
shear layer grows rapidly. As the shear layer grows, the wave growth rate decreases.
Eventually, the shear layer is too thick to support unstable waves and the wave amplitude
decreases until it disappears. This instability wave process is assumed to be governed by
the linearized, inviscid, compressible equations of motion.

For slowly diverging jet flows, two solutions are created that apply to separate but
overlapping regions. Following the approach of Tam and Burton [17], the inner region,
including the jet flow and the immediate region just outside the jet, has different length
scales in the radial and the axial directions that leads to a multiple scales expansion of
the governing equations using the small parameter o. With the fluctuating pressure
disturbance given by the expansion

p'(r, u, x, t)= s
a

m=0

dm(o)p̂m(r, s) exp [i(f(s)/o+ nu−vt)], (1)

the components of the lowest order set of equations in non-dimensional form are combined
to form the compressible Rayleigh equation
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n2

r2 − a2% p̂0 =0, (2)

where the axial wavenumber a is related to the axial phase function f by a=df/ds, s is
the slow variable to recognize the slow mean flow development in the axial direction
s= ox, n is the azimuthal mode number, and v is the radian frequency.

In the outer region, which slightly overlaps the inner region, the governing equations
control disturbances that are acoustic in nature. These disturbances have the same length
scales in all directions; hence, all co-ordinates are treated equally. The solution is obtained
by Fourier transforming the outer region governing equations in the axial direction. After
considerable algebra, the lowest order outer solution is
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p'(r, u, x, t)=g
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H(1)
n is the nth order Hankel function of the first kind.
After the inner and the outer solutions are matched asymptotically in an overlap region,

we find that equation (2) has become an eigenvalue problem with solutions only for certain
values of the eigenvalue a. We have used a finite difference approximation to discretize
the problem. The eigenvalue is found from the resulting diagonal matrix using a
Newton–Raphson iteration for refinement.

Since the rate of spread of the jet is slow for high speed jets and o is very small, A	 0(ox)
in equation (4) is taken to be constant. Furthermore, with a(x) found from the solution
of equation (2) at each axial location, the axial phase function is found from
f(ox)/o= fx

0 a(x) dx. We can then solve for g(h) in equation (4), the Fourier transform of
the instability wave, and subsequently the near field pressure disturbance is found from
equation (3). To obtain the pressure in the far field, equation (3) in spherical co-ordinates
is approximated by the method of stationary phase. The resulting sound power radiated

per unit solid angle is
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The stationary point is given by
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and c is the polar angle.

2.1.    

The numerical procedures to solve the eigenvalue problem and to calculate the near and
far field pressure disturbances are described in Part 2 of this paper [1]. The accuracy of
these procedures is also discussed. The numerical calculations of the disturbance quantities
and the mean flow calculations described in Part 1 of this paper [2] are designed to use
the jet exit operating conditions as the only known inputs into calculating the local stability
characteristics and the far field directivity patterns of axisymmetric jets with both single
and dual streams. This allows a wider variety of operating conditions to be studied without
relying on measured mean flow parameters, especially in the case of supersonic coaxial jets,
for which mean flow data are hard to obtain. To validate our procedures, we chose both
single axisymmetric jet and coaxial jet cases where both the mean flow was defined and
the stability calculations had been completed under supersonic conditions. The results
from our stability calculations have been compared with the results from these reference
cases, in which the mean flow was represented by analytic functions for the axial velocity
and Crocco’s relation for the density, an approach typically used in past studies of jet
stability characteristics. As shown in Part 2 of this paper [1], both the stability
characteristics and the far field directivity patterns that we calculated for a single jet using
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a numerically generated mean flow compared favorably with calculated results where the
mean flow was described analytically.

Bhat and Seiner [16] developed an analytic model for the initial mean flow of a
supersonic IVP jet for the purposes of conducting stability calculations. The two shear
layers were modelled separately, resulting in the mean flow being defined only out to the
end of the outer potential core. Due to a lack of measured data, the analytic function flow
modelling could not be continued into the merging and fully developed flow regions
downstream. The mean velocity profiles were defined by half-Gaussian functions and the
spreading rates were determined from the Langley curve. Crocco’s relation was used to
define the mean density profiles. For the stability calculations, the Rayleigh equation was
integrated numerically across each shear layer separately, using analytic functions in the
regions of constant mean flow properties to define the four boundary conditions. These
calculations resulted in local growth rates and phase velocities as a function of axial
distance. An example of their results is shown in Figure 1 for an IVP jet with the following
operating conditions: R2/R1 =3·0, M1 =M2 =1·48, U2/U1 =1·91, T2/T1 =3·65, Ta/
T1 =1·35. Both axisymmetric (n=0) and first helical (n=1) modes are shown for a
Strouhal number fD1/U1 =0·2. The results are plotted against the local shear layer
half-width appropriate to the shear layer with which the eigenvalue is identified; either the
inner or outer shear layer. For comparison, the results from our stability calculations are
shown in the same figure. No attempt was made to match the spreading rate in the
numerical mean flow model to the spreading rates used for the analytic function profiles;
nonetheless, the numerical results have similar characteristics to the analytic results when
plotted versus the local shear layer half-width. Where the shear layers are thin, the growth
rates and phase velocities are almost identical. The primary differences that occur
downstream can be attributed to the differences in the profile shapes of the shear layers.
The results shown in Figure 1 for an IVP jet provide a validation of our procedure for
stability calculations in coaxial jets.

Figure 1. Stability characteristics of an IVP coaxial jet as a function of local shear layer half-width b:
fD1/U1 =0·2. Calculated results using numerically generated mean flow: inner shear layer, ——, n=0: ---, n=1;
outer shear layer, — — —, n=0, — - — -, n=1. Results from reference [16] mean flow defined by analytic
functions: inner shear layer, w, n=0; q, n=1; outer shear layer, e, n=0, r, n=1. (a) Phase velocity relative
to ambient speed of sound; (b) growth rate.
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T 1

Operating conditions for the supersonic coaxial jet calculations

AR r s U1 (m/s) U2 (m/s) T1 (K) T2 (K) M1 M2

Reference jet
— — — 1330·0 — 1100·0 — 2·00 —

IVP jets
1·25 1·25 0·60 1186·5 1483·1 845·0 1408·3 2·04 1·97
1·25 1·50 0·60 1051·6 1577·4 821·4 1369·1 1·83 2·13
1·25 2·00 0·60 831·3 1662·5 763·9 1273·1 1·50 2·32
1·25 2·50 0·60 672·3 1680·8 710·5 1184·2 1·26 2·44
1·25 2·00 0·40 886·7 1773·3 651·8 1629·6 1·73 2·19
1·25 2·00 0·50 855·0 1710·0 707·1 1414·3 1·60 2·27
1·25 2·00 0·70 812·8 1625·6 821·6 1173·7 1·41 2·37
1·00 2·00 0·60 860·6 1721·2 782·9 1304·9 1·53 2·38
0·75 2·00 0·60 902·5 1805·0 810·4 1350·7 1·58 2·45
0·50 2·00 0·60 967·3 1934·5 853·3 1422·2 1·65 2·56
0·50 1·25 0·40 1266·7 1583·3 873·0 2182·5 2·14 1·69

Area ratio AR=A2/A1; Velocity ratio r=U2/U1, density ratio s= r2/r1 =T1/T2, (constant thrust
and constant mass flow).

3. NUMERICAL PREDICTIONS

The mean flow prediction scheme and the instability wave noise generation model were
used to study the effect of changing various operating parameters on the instability wave
noise generation from perfectly expanded, supersonic IVP coaxial jets. We chose the
operating conditions to have the same total thrust, mass flow and exit area as a single
reference jet using the formulations given in Dahl [18]. The values chosen for the present
study are shown in Table 1, and the reason for choosing these values will be discussed later.
The single reference jet had an exit velocity of 1330 m/s and an exit static temperature of
1100 K, resulting in an exit Mach number of 2. When scaled up, this jet would produce
thrusts and mass flows comparable to those projected for supersonic jet transport aircraft
engines.

3.1.  

The eigenvalues of the Rayleigh equation (2) were calculated for both shear layers at
each axial location at which the mean flow profiles were calculated. The real and imaginary
parts of the eigenvalues may be identified with the local phase velocities and growth rates
of the instability wave. Typical calculated values are shown in Figure 2 for an IVP jet,
where part (a) contains results for the axisymmetric (n=0) mode and part (b) contains
results for the first helical (n=1) mode. The IVP jet had a velocity ratio of 2·0, a density
ratio of 0·6 (indicating that the outer stream is hotter than the inner stream), and an area
ratio of 1·25. The calculations were performed at four Strouhal numbers fDe/Ue , where
Ue and De are the exit velocity and diameter, respectively, of the reference jet and f is the
cyclical frequency. This means that the calculations for each shear layer were performed
at the same frequency. In the figure are indicated the axial location of the end of the outer
potential core (where the two shear layers begin to merge), the axial location of the end
of the inner potential core after which the centerline velocity typically increases as the
higher speed outer stream spreads toward the axis, and the axial location at which the
maximum jet velocity has reached the jet axis and the flow is fully merged. Also, an
indication is given in the figure of the shear layer with which the stability characteristic
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is initially associated (inner or outer) and the maximum amplitude the instability wave
achieves relative to its initial amplitude. The maximum amplitude is calculated by

Amax = b exp g
xc

0

a(x) dx b, (8)

Figure 2. Growth rates and phase velocities relative to the ambient speed of sound for both shear layers of
an IVP jet with U2/U1 =2·0, r2/r1 =0·6 and AR=1·25. The legend defined lines with numbered pairs (fDe/Ue ,
maximum amplitude from equation (8)). (a) n=0, inner shear layers: ——, 0·06, 1·077; ---, 0·12, 1·165; ——,
0·20, 1·256; — - — -, 0·40, 1·495. Outer shear layer: ——, 0·06, 1·900; - - -, 0·12, 3·987; ——, 0·20, 6·816; — - — -,
0·40, 9·568. (b) n=1, inner shear layer: ——, 0·06, 1·221; ---, 0·12, 1·473; ——, 0·20, 1·854; — - — -, 0·40, 2·767.
Outer shear layer: ——, 0·06, 8·588; - - -, 0·12, 11·996; ——, 0·20, 11·135; — - — -, 0·40, 9·316.
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where xc is the point at which ai , the imaginary part of a, is zero. All of the stability
characteristics shown are of the Kelvin–Helmholtz type, and all of the phase velocities
shown are supersonic relative to the ambient speed of sound.

According to the mean flow model used in this study, when two shear layers of an IVP
jet begin to merge after the end of the outer potential core, the rate of mixing increases
in the jet, causing the jet to spread more rapidly than in the potential core region. As a
shear layer spreads, it has less ability to sustain a growing instability wave and the wave
decays with axial distance. If the inner shear layer instability waves have not begun to
decay by the end of the outer potential core, their growth rate decreases rapidly after that
point. Further downstream, as the maximum velocity moves toward the jet axis, the inner
shear layer disappears along with any inviscid, inflectional, instability wave.

The outer shear layer always exists in an IVP jet and the stability calculations are made
in the same manner as for a single jet. For an inviscid calculation, the outer shear layer
n=0 mode calculations are made until the phase speed approaches the maximum velocity
in the mean flow profile. The calculations are not valid after that point. The growth rate
plots in Figure 2(a) show that the n=0 mode instability waves are slightly damped at the
point where the calculation ends. For the outer shear layer n=1 modes, the instability
calculations are continued into the damped region using the contour path in the complex
plane described in Part 2 of this paper [1]. As shown in Figure 2(b), these modes have much
higher rates of damping than the n=0 modes. For both modes, the growth rates decrease
more rapidly after the end of the outer potential core. The instability waves peak as the
growth rates go to zero after the inner potential core ends and they are decaying before
the flow is fully merged. As listed in the figure, the relative maximum amplitudes for the
outer shear layer instability waves are always larger than the inner shear layer amplitudes
for the four Strouhal numbers used in the calculations. Furthermore, the n=1 mode outer
shear layer instability waves have typically higher amplitudes than the n=0 mode
instability waves except at fDe/Ue =0·4, where the amplitudes are similar in level.
Therefore, when we compare the effects of changes in operating conditions between
different IVP jets and between the IVP jets and the reference jet, we will concentrate on
results for the n=1 mode instability waves in the outer shear layer.

In Figure 2, the inner shear layer instability wave growth rates are shown to be lower
than the outer shear layer growth rates. This is due both to the fact that the inner shear
layer is smaller than the outer shear layer and that the spreading of the high speed outer
stream toward the jet axis is causing the inner shear layer to disappear. Despite this, the
presence of the inner shear layer affects the local growth rates and phase velocities of the
instability waves in the outer shear layer. To show this, we chose a single jet with operating
conditions U=1552·9 m/s and T=937·9 K and a coaxial jet with the same outer stream
conditions as the single jet and reduced the inner stream such that U2/U1 =2·5,
r2/r1 =1·02 and R2/R1 =1·5. For this example, we did not maintain thrust and mass flow.
However, the initial conditions and spreading rates for the outer shear layers were identical
for the two jets. The resulting calculated stability characteristics for fD/U=0·05 are shown
in Figure 3. Note that the jet shear layer half-width b is the same for the two jets out to
the point at which the outer potential core ends for the coaxial jet. With the inner shear
layer present, the local growth rates for the outer shear layer are larger than those for the
single jet, even though the two shear layers have identical spreading characteristics. With
the end of the outer potential core, we see from the half-width that the outer shear layer
is spreading faster, causing the growth rate to decrease. This reduces the potential
maximum amplitude of the instability wave if this growth rate decrease had not occurred.
The presence of the inner shear layer has the added feature of reducing the local phase
velocities of the outer shear layer. This condition was also measured in low speed jets [14].



. .   . . 710

Figure 3. A comparison of growth rates and phase velocities between a single jet shear layer (jet exit diameter
D and exit velocity U) and a coaxial IVP jet outer shear layer (outer jet exit diameter D2 and exit velocity U2,
U2/U1 =2·5, R2/R1 =1·5) with the same flow conditions (D=D2 and U=U2): n=1, fD/U=0·05. (a) Phase
velocity: ——, for single jet shear layer relative to U; – – –, for IVP jet outer shear layer relative to U2. Shear
layer half-width b: ——, single jet shear layer; – – –, IVP outer shear layer. (b) Growth rates relative to shear
layer half-width: ——, single jet shear layer; –––, IVP jet outer shear layer.

For fixed outer stream conditions, it was found that the outer shear layer growth rates
increased and the phase velocities decreased as the inner shear layer velocity difference
increased over the range 1QU2/U1 E 2·5.

3.2.    

In an earlier study of IVP jets [19], the operating conditions were chosen to have the
same thrust, mass flow and exit area as a single reference jet and to be constrained by the
minimum noise condition [12]. The resulting far field directivity patterns showed relative
peak levels that were much higher than those of the reference jet. When operating
conditions were not constrained by minimum noise but chosen for any perfectly expanded
jet [20], the relative far field peak levels were shown to be reduced by increasing the
temperature of the high speed stream relative to the temperature of the low speed stream,
decreasing the area ratio, and artificially increasing the initial spreading rate of the outer
shear layer (simulating enhanced mixing). In many cases, the relative peak levels were still
higher than those of the reference jet.

The far field peak levels are directly related to the maximum amplitude of a growing
and decaying instability wave. Thus, in order to reduce far field peak levels, we need to
reduce the maximum amplitude of the instability wave. In the outer shear layer of IVP
jets, this amplitude is determined primarily by both the initial spreading rate of the outer
shear layer and the length of the outer potential core. Both of these parameters are affected
by the operating conditions. Since the effects of the end of the outer potential core are
always beneficial in reducing the local growth rates of an instability wave and its length
is affected by the outer shear layer spreading rate, the outer shear layer initial spreading
rate is used as a parameter for choosing the jet operating conditions.

Using the definition for the vorticity thickness spreading rate d'v given in Part 1 of this
paper [2] and the equations that ensure that any coaxial jet operating conditions have the
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same thrust, mass flow and exit area as a single reference jet [18], we determined the outer
shear layer initial spreading rate as a function of the inner shear layer velocity ratio, the
inner shear layer density ratio, and the area ratio. With the area ratio fixed at 1·25, a
contour plot of d'v as a function of the first two parameters is shown in Figure 4. We can
consider the single reference jet as a special case of an IVP jet with velocity and density
ratios equal to one. This point is located in the lower right corner. The initial spreading
rate for the reference jet shear layer is approximately 0·06, and that contour is indicated
by a heavy solid line. Above and to the right of this contour, the initial spreading rate
for the outer shear layer is less than that of the reference jet shear layer. The outer shear
initial spreading rate increases to the left and below the 0·06 contour. It is hypothesized
that choosing operating conditions in this region will more likely result in lower instability
wave maximum amplitudes and, hence, lower far field peak levels than other operating
conditions. Centered about the operating condition with U2/U1 =2·0 and r2/r1 =0·6, we
chose the conditions indicated by the points in Figure 4 to study the effects of variations
with constant velocity ratio and with constant density ratio. In addition, the heavy dashed
line shows the 0·06 contour for area ratio 0·5. In the d'v region shown, the 0·06 contour
shifts to the right as the area ratio decreases. Thus, for U2/U1 =2·0 and r2/r1 =0·6, the
outer shear layer initial spreading rate will increase as the area ratio decreases. Additional
operating conditions are chosen to examine the effect of area ratio changes. All of the
operating conditions are shown in Table 1.

3.3.    

The maximum amplitudes for the n=1 instability waves in the outer shear layer are
shown in Figure 5 as a function of the velocity ratio and the Strouhal number. Since the
operating conditions were chosen based on the initial outer shear layer spreading rate, the
IVP and reference jet results are placed in order of increasing spreading rate. Thus in
accord with Figure 4, the reference jet maximum amplitudes are placed between the IVP
jet results with U2/U1 =1·50 and with U2/U1 =2·00. As can be seen, the maximum

Figure 4. Contours of initial vorticity thickness spreading rates for the outer shear layer of IVP jets with
AR=1·25. The heavy dashed line corresponds to AR=0·5. Single jet conditions are at the lower right. Points
indicate operating conditions in Table 1.
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Figure 5. The effects of the velocity ratio and the Strouhal number on the maximum amplitude of instability
waves in the outer shear layer: n=1, r2/r1 =0·6, AR=1·25.

amplitudes increase for all Strouhal numbers as the velocity ratio increases for the IVP
jets. Using the constant thrust, mass flow and exit area criteria, the following factors
promote larger instability wave growth rates in the outer shear layer resulting in higher
maximum amplitudes: increasing the outer stream velocity, increasing the inner shear layer
DU and decreasing the outer shear layer spreading rate. The maximum amplitudes are also
affected by the end of the outer potential core and this effect depends on the Strouhal
number. At low Strouhal numbers, the growth rates are decreasing rapidly after the outer
core ends, as shown in Figure 2. Thus, these IVP jet outer shear layer instability waves
have lower maximum amplitudes than would be obtained for the reference jet shear layer
with the same initial spreading rate. For high Strouhal numbers, most of the instability
wave growth occurs in the core region. Consequently, the flow conditions for the IVP jets
will promote higher maximum amplitudes when the outer shear layer spreading rate are
comparable to that of the reference jet.

The far field directivity patterns for these velocity ratio effect cases are shown in
Figure 6. As described in Part 2 of this paper [1], the far field directivity peak levels for
the reference jet are set to an arbitrary level and all IVP jet results are referenced to the
same level. This allows comparisons to be made of the relative changes in noise radiation
between different Strouhal number instability waves and when operating conditions are
changed. Relative to the single reference jet, the higher Strouhal number patterns for the
IVP jet have higher relative levels than the lower Strouhal number patterns. This trend
was observed by Tanna [10, 21] where shock-free IVP jets were noisier than the single
reference jet at high frequencies and quieter at low frequencies. Also, the peak levels tend
to become higher as the velocity ratio increases (initial outer shear layer spreading rate
decreases), and since a larger velocity ratio increases the DU across the inner shear layer
which decreases the local phase velocities of the outer shear instability waves, the
directivity patterns shift toward lower angles.
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3.4.    

In Figure 4 it is shown that we can also change the density ratio with the velocity ratio
fixed in order to obtain an initial spreading rate of the outer shear layer of an IVP jet that
is higher than the spreading rate of the reference jet shear layer. The calculated results for
the instability wave maximum amplitudes are shown in Figure 7 as a function of the density
ratio and the Strouhal number. The general trend again exists that as the spreading rate
increases (lower density ratios) the maximum amplitudes decrease. In this case, these
changes are governed more by the outer stream temperature than by velocity difference
effects. This is especially true for the inner shear layer velocity difference, which changes
very little when the density ratio is changed compared to the velocity ratio effect changes
above. As the outer stream total temperature increases (the density ratio decreases), the
maximum amplitudes decrease [22]. The conditions regarding the effects of the end of the
outer potential core, as described above, still apply here, where the lower Strouhal number
amplitudes are lower than the reference jet and the higher Strouhal number amplitudes
are higher.

The far field directivity patterns are shown in Figure 8. As seen in Figure 6, there is an
increase in higher Strouhal number peaks relative to lower Strouhal peaks when the IVP
jet directivity patterns are compared to the reference jet directivity patterns. However, little
change is seen in the relative peak levels for the IVP jets as the density ratio is changed

Figure 6. The effects of the velocity ratio on the far field directivity patterns for noise radiated from instability
waves in the outer shear layer. Numbers indicate peak amplitudes: n=1, r2/r1 =0·6, AR=1·25. IVP jet with
U2/U1 = (a) 2·50, (b) 2·00, (d) 1·50 and (e) 1·25. (c) Reference jet. Strouhal number: — - — -, 0·06; ——, 0·12;
---, 0·20; ——, 0·40.
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Figure 7. The effects of the density ratio and the Strouhal number on the maximum amplitude of instability
waves in the outer shear layer: n=1, U2/U1 =2·0, AR=1·25.

and little change in the peak directions. There is the general trend again toward reduced
far field peak levels as the speading rate is increased for the outer shear, resulting from
a decrease in the density ratio.

3.5.    

Decreasing the area ratio of an IVP jet decreases the length of the outer potential core
even though the outer stream velocity must increase to maintain constant thrust and mass
flow. With the two shear layers merging sooner, the instability wave growth rates in the
outer shear layer are diminished sooner, as seen in Figure 9. For both Strouhal number
0·06 and 0·4 instability waves, the local growth rates decrease more rapidly after the end
of the outer potential core and the instability waves become damped sooner as the merging
mean flow spreads. The resulting far field noise radiation patterns are shown in Figure 10.
The relative peak levels are decreasing with a smaller area ratio, with more reduction at
lower Strouhal numbers than at higher Strouhal numbers.

3.6.  

The calculated results have shown that lower instability wave maximum amplitudes and
lower relative far field noise peak levels are achieved when the velocity ratio, the density
ratio and the area ratio are each decreased separately. This is illustrated in Figure 11, using
far field directivity patterns for comparison. The base IVP jet operating parameters are
given by U2/U1 =2·0, r2/r1 =0·6, and AR=1·25. As each individual parameter is reduced,
the relative peak levels are reduced. When the IVP jet operating conditions are changed
to the combined reduced condition of U2/U1 =1·25, r2/r1 =0·4 and AR=0·5, the far field
peak levels are reduced further. The amount of reduction from the base condition levels
for each Strouhal number is within 1·5 dB of the sum of the reductions for each parameter
individually.

Another view of these results is to consider them with regard to the initial spreading
rate of the outer shear layer. As shown in Figure 4, reducing each parameter separately
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from the base conditions increases the outer shear layer initial spreading rate. This results
in lower instability wave maximum amplitudes and, hence, less radiated noise. By
combining parametric effects, we have moved to the lower left of Figure 4 and toward
larger spreading rates as the area ratio is reduced. Compared to the base IVP jet with an
outer shear layer spreading rate of 0·0589, the combined IVP jet spreading rate is 0·0806.
This 37% increase in spreading rate results in the lower relative far field peak levels shown
in Figure 11.

4. CONCLUSIONS

Linear instability wave analysis has been applied to the study of noise generation from
growing and decaying instability waves in IVP supersonic coaxial jets. Even though the
IVP jet had two shear layers initially, the instability waves in the outer shear layer were
found to have larger growth rates and higher maximum amplitudes than the inner shear
layer instability waves. As a result, they were the dominant generators of mixing noise in
the downstream arc from a supersonic IVP jet. While the inner shear layer instability waves
were ignored as noise generators, the presence of the inner shear layer had the following
effects on the outer shear layer instability waves:

Figure 8. The effects of the density ratio on the far field directivity patterns for noise radiated from instability
waves in the outer shear layer. Numbers indicate peak amplitudes: n=1, U2/U1 =2·0, AR=1·25. IVP jet with
r2/r1 = (a) 0·7, (b) 0·6, (d) 0·5 and (e) 0·4. (c) Reference jet. Strouhal number: — - — -, 0·06; ——, 0·12; ---, 0·20;
——, 0·40.
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Figure 9. Instability wave local growth rates for IVP jets with a varying area ratio: n=1, U2/U1 =2·0,
r2/r1 =0·6, outer shear layer. Area ratio: — - — -, 1·25; – – –, 1·00; ---, 0·75; ——, 0·50. Strouhal number: (a)
0·40; (b) 0·06.

(1) For the same mean flow conditions and shear layer spreading rates, the presence of
the inner shear layer resulted in the outer shear layer stability characteristics having higher
growth rates and lower phase velocities than the single jet shear layer.

Figure 10. Far field directivity patterns for IVP jets with a varying area ratio: n=1, U2/U1 =2·0, r2/r1 =0·6,
outer shear layer. Numbers indicate peak amplitudes. (a) Reference jet. The area ratio is (b) 1·25, (c) 1·00, (d)
0·75 and (e) 0·50. Strouhal numbers: — - — -, 0·06; – – –, 0·12; ---, 0·20; ——, 0·40.
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Figure 11. Far field directivity patterns for IVP jets comparing one parameter and combined parameter effects.
(a) Base IVP jet parameters: U2/U1 =2·0, r2/r1 =0·6, AR=1·25. (b) Change velocity ratio U2/U1 =1·25. (c)
Change density ratio r2/r1 =0·4. (d) Change area ratio AR=0·5. (e) Combined parameters: U2/U1 =1·25,
r2/r1 =0·4, AR=0·5. n=1, outer shear layer. Numbers indicate peak amplitudes. Strouhal numbers: — - — -,
0·06; – – –, 0·12; ---, 0·20; ——, 0·40.

(2) Along with the spreading outer shear layer, the spreading inner shear layer created
a separate outer stream potential core. After this potential core ended, the outer shear layer
instability wave growth rates decreased due to increased jet spreading. This lowered the
potential maximum amplitude of the instability waves. The maximum amplitude decreased
with shorter potential core lengths.

A parametric study of the effects of various operating conditions was conducted using
the conditions that the IVP jets had the same total thrust, mass flow and exit area as a
single reference jet. The choice of operating conditions was based on an analysis of outer
shear layer spreading rates. It was proposed that the IVP jets with outer shear layer
spreading rates higher than the reference jet spreading rate would be beneficial in reducing
the maximum amplitudes of the instability waves and thus lower radiated noise levels. The
analysis identified regions of higher and lower spreading rates and operating conditions
were chosen in both regions to study the changes that occurred as a function of the velocity
ratio, the density ratio and the area ratio between the outer and inner flow streams. The
following results were found:

(1) Operating conditions in the region of higher outer shear layer spreading rates were
a necessary condition to achieve generally lower maximum instability wave amplitudes and
less relative radiated noise levels than the reference jet. However, amplitudes were
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dependent on the Strouhal number and could be higher or lower than the reference jet
amplitudes. In the lower spreading rate region, the amplitudes were mostly higher.

(2) Lower Strouhal number instability waves were particularly affected by the end of
the outer potential core. The growth rate decreased after that point, lowering the potential
maximum amplitude.

(3) Higher Strouhal number instability waves had their primary growth within the core
region. Thus, initial flow conditions governed the growth rates of these waves, which often
resulted in their having higher relative amplitudes than the reference jet amplitudes.

(4) The supersonic IVP jet can radiate less mixing noise than the reference jet if the
velocity ratio is small, the outer stream is hotter than the inner stream, and the area ratio
is small. The operating conditions to achieve this are found from an analysis of shear layer
spreading rates, as shown in Figure 4, where the outer shear layer initial spreading rate
is higher than the initial spreading rate of the reference jet.
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